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Abstract 

With advancements in data-collecting techniques, large-scale data have become increasingly prevalent in 

medical science. For instance, gene expression data provide information on tens of thousands of genes, while 

diagnostic imaging, such as the magnetic resonance imaging, generates a vast volume of pixels. While various 

sparse linear discriminant analysis methods have been developed to handle high-dimensional medical data, 

they often assume the light-tailed predictors, which is frequently violated in real applications. In this paper, 

we propose a robust classifier under an elliptically contoured discriminant analysis ( EDA) model, which ac- 

commodates both light-tailed and heavy-tailed data. In addition, we assess the prediction accuracy using the 

balanced rate, a more appropriate metric when the data is imbalanced. Under the EDA model, we identify the 

intrinsic dimension-reduction subspace that captures all information from predictors for achieving the low- 

est balanced rate. By leveraging this dimension-reduction subspace, we propose a robust high-dimensional 

classifier, which reduces data dimensionality through subspace projection, followed by prediction on the 

reduced data. Theoretically, our proposal simultaneously enjoys the consistencies of subspace estimation, 

variable selection, and prediction accuracy under only finite fourth-moment condition of predictors. Numer- 

ically, we apply our method to synthetic data and three real datasets, including two lung cancer data and 

a leukemia data. The empirical findings support the superiority of our approach over other state-of-the-art 

methods. 
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( Kaur et al., 2021 ) . These overwhelming, high-dimensional 

medical data pose great challenges to classical classification 

tools. 

Ever since the introduction of Fisher’s linear discriminant 

analysis ( LDA; Fisher, 1936 ) , LDA has become one of the 

most prominent probabilistic model-based classifiers. In re- 

cent decades, a variety of sparse LDA methods have been 

developed to tackle high-dimensional data, see Clemmensen 

et al. ( 2011 ) , Fan and Fan ( 2008 ) , Witten and Tibshirani 

( 2011 ) , Mai et al. ( 2019 ) , Cai and Zhang ( 2019 ) , Ren and 

Mai ( 2022 ) , and Zeng et al. ( 2023 ) , for instance. However, 

LDA methods rely on the conditional normality for predic- 

tors, which is often violated in real world. For demonstra- 

tion purposes, we take as an example a lung cancer data. 

The dataset contains expression levels of 12 533 gene tran- 

scripts from 181 surgical specimens in two classes. In Fig- 
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1 Introduction 

lassification is one of the core statistical problems, find-

ng important applications in medical science. With ad-

ancements of frontier data-collecting tools, it is increasingly

ommon to encounter ultra-high dimensional data nowa-

ays. For instance, in genomics, a critical task is diagnos-

ng diseases using gene expression data, which often in-

olves tens of thousands of genes ( Min et al., 2018 ) . In neu-

oimaging studies, medical images, such as magnetic res-

nance imaging, are used for disease diagnosis and prog-

osis, and vectorizing high-resolution medical images re-

ults in ultra-high dimensional data ( Zhang and Li, 2017 ) .

n multi-omics data analysis, heterogeneous data is col-

ected for the same subject from diverse resources, includ-

ng genome, proteome, transcriptome, and metabolome, con-

ributing to the high-dimensional nature of multi-omics data
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ure 1 , we present the histogram of excess kurtosis coef-

ficients for 2000 selected variables. The histogram shows

that approximately 72% of variables have excess kurto-

sis coefficients greater than 2, indicating the presence of

heavy-tailedness. 

Another critical challenge results from the fact that LDA

minimizes the overall misclassification rate. On imbalanced

data where some classes have much fewer observations,

an overall misclassification rate based classifier tends to

emphasize the predictions of the majority class. An ex-

treme example would be a naive classifier that blindly

classifies all observations to the majority class. If the ma-

jority class is sufficiently dominating, the naive classifier

achieves a low overall misclassification rate but will be use-

less in detecting observations from the minority class. In

many medical problems, accurately classifying samples from

the minority class is far more important than classifying

those from the majority class. Thus, it is essential to de-

velop classifiers maintaining high accuracy on imbalanced

data. 

In this paper, we propose a high-dimensional classifier

called SODA, short for S parse r O bust D iscriminant A nalysis.

SODA is highly accurate even when data deviate from light-

tailed distributions. Our proposal is developed under the ellip-

tically contoured discriminant analysis ( EDA) model, which

assumes the predictors follow an elliptically contoured ( EC)

distribution within each class, widening the scope of discrim-

inant analysis model. Moreover, we assess classification ac-

curacy using the balanced rate, putting more emphasis on

the classification of the minority class. Thus, our proposal

achieves higher accuracy on minority classes. Under the EDA

model, we identify the underlying dimension-reduction sub-

space containing all the information relevant to prediction

accuracy measured by the balanced rate. This allows us to

reduce the dimensionality of the predictors without sacri-

ficing classification information, and facilitate the visualiza-

tion of data distribution patterns. Then, we propose a ro-

bust estimation of the dimension-reduction subspace by trun-

cating the predictors and reformulating the subspace esti-

mation as a group-Lasso optimization problem. After pro-

jecting the data onto the dimension-reduction subspace, the

subsequent inference is conducted on the reduced data. The

robustness of our proposal is also supported from theoret-

ical respective: it enjoys consistency in subspace estima-

tion, variable selection, and prediction under only the finite

fourth-order moment assumption of the predictors, which re-

laxes the light-tailed distribution assumption in sparse LDA

methods. 

Recently, a variety of works have also been devoted

to robust classification. For example, Hall et al. ( 2009 )

proposed a component-wise median-based classifier, veri-

fied to behave well under high-dimensional heavy-tailed

data. Hennig and Viroli ( 2016 ) developed a quantile-based

classifier, which includes the median classifier as a spe-

cial case. More recently, Xiong et al. ( 2025 ) introduce

a component-wise mode-based classifier, leveraging struc-

tures revealed by mode that are missed by mean, me-

dian, and quantile. Ren and Mai ( 2022 ) also developed a

robust distance-based method by replacing unstable sam-
le estimates with more robust Huber-loss estimates. How- 

ver, these methods lack a probabilistic interpretation and 

re unable to visualize data directly. In comparison, our 

iscriminant analysis model offers a more refined char- 

cterization of data patterns within each class. Recov- 

ring the underlying low-dimensional representation, the 

igh-dimensional data can be visualized directly in a low- 

imensional space, providing deeper insights into data dis- 

ribution. 

2 Background 

2.1 Notations 

or a vector v = (vi ) ∈ R 

p , the Lq -norm is defined as 

 v ‖q =
(∑ p 

i =1 v
q 
i 

)1 /q 
, where 1 ≤ q < ∞ , the L0 -norm is 

 v ‖0 = | { i | vi � = 0} | , and the L∞ 

-norm is ‖ v ‖∞ 

= max i | vi | . 
or a matrix A = (

ai j 
) ∈ R 

p×q , we use span (A ) to de- 

ote the subspace spanned by the column vectors of A , 

nd define its L2 , 1 -norm, L∞ 

-norm, and Frobenius norm 

s ‖ A ‖2 , 1 =
∑ p 

i =1 (
∑ q 

j=1 a
2 
i j )

1 / 2 , ‖ A ‖∞ 

= max i 
∑ q 

j=1 
∣∣ai j ∣∣, and 

 A ‖F = (
∑ p 

i =1 
∑ q 

j=1 a
2 
i j )

1 / 2 , respectively. The nuclear norm 

nd the spectral norm are defined as ‖ A ‖∗ = ∑ min { p,q } 
i =1 σi (A ) 

nd ‖ A ‖ = σ1 (A ) , where σ1 (A ) ≥ . . . ≥ σmin { p,q } (A ) ≥ 0 are the 

rdered singular values of A . For a positive semi-definite ma- 

rix N ∈ R 

p×p , let ϕmax (N ) ≡ ϕ1 (N ) ≥ . . . ≥ ϕp (N ) ≡ ϕmin (N ) 

enote its eigenvalues. Suppose that β ∈ R 

p×d is a basis of 
 subspace S ⊆ R 

p , then PS ≡ Pβ = β
(
β� β

)−1 
β� denotes the 

rojection matrix onto the subspace S. For two scalar series 
 an } ∞ 

n =1 and 
{
bn 

}∞ 

n =1 , we say an � bn if there exist constants 

 < c1 < c2 such that c1 an ≤ bn ≤ c2 an for all n , and an � bn if 

here exists some constant M > 0 such that an ≤ Mbn for all 

 . For two values a and b, define a ∧ b = min { a, b} . 

2.2 EC distribution 

et μ ∈ R 

p and � ∈ R 

p×p be deterministic, U ∈ R 

p a ran- 

om vector uniformly distributed on the unit sphere, and 

> 0 a scaler random variable independent of U . Suppose 

hat X = μ + ξ�1 / 2 U , then X ∈ R 

p follows an EC distribution 

 Johnson, 1987 ) . The density function of X is given by f (x ) = 

p | �| −1 / 2 g{ (x − μ)� �−1 (x − μ) } , for x ∈ R 

p , where kp > 0 is a 

ormalizing constant, and g is some positive link function. We 

enote X ∼ EC p (μ, �; g) . 

3 Probabilistic Model And 

Dimension-Reduction Subspace 

or response Y ∈ { 1 , . . . , K} and predictors X ∈ R 

p , we con- 

ider the EDA analysis model as follows: 

Pr (Y = k ) = πk , X | (Y = k ) ∼ EC p (μk , �; g) , ( 1) 

here we assume that E(X ) = 0 and the link function g(u ) is 

onotonic and bounded for u ≥ 0 . 

The EDA model ( 1 ) can be traced back to the work of 

akaki ( 1994 ) , who investigated the properties of Fisher’s 

DA within this framework. Subsequent researches in dis- 

riminant analysis has utilized the EDA model or its special 

ases to study the classification problem involving heavy- 

ailed data, see, for example, Bose et al. ( 2015 ) and Ghosh 
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Figure 1 Histogram of the excess kurtosis coefficients of 2000 selected variables on the lung cancer data. 
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t al. ( 2021 ) . The monotonicity assumption on g has been

onsidered in literature, such as in works Wakaki ( 1994 ) and

hao et al. ( 2011 ) . In fact, the EC family with monotonic and

ounded g(u ) for u ≥ 0 covers many common distributions,

hich we summarized in Table S.1 in the Supplementary

aterials . 

For a general classification rule δ : R 

p → { 1 , . . . , K} , we pro-
ose to measure its prediction accuracy via the balanced rate ,

hich is defined as 

R (δ) = 1 

K 

K ∑ 

k =1 
Pr { δ(X ) � = k | Y = k } . ( 2)

he balanced rate has been widely adopted in literature, in-

luding in LDA methods ( Cai and Liu, 2011 ; Shao et al.,

011 ) and quadratic discriminant analysis ( QDA) methods

 Ghosh et al., 2021 ; Li and Shao, 2015 ) . They use the bal-

nced rate mainly for simplifying theoretical analysis. Qiao

nd Liu ( 2009 ) used the balanced rate for addressing the issue

f overall misclassification rate in the imbalanced problems. 

Moreover, Tong et al. ( 2020 ) proposed a Neyman–Pearson

 NP) classifier for binary classification, which was further

eneralized in Tian and Feng ( 2025 ) to multi-class model-free

roblems. The idea of the NP classifier is similar to the bal-

nced rate, in that it protects the error rates of some specific

lasses. 

Another commonly used criterion for quantifying the pre-

iction accuracy is the overall misclassification rate , defined as˜ 

 (δ) = ∑ K 
k =1 πk Pr { δ(X ) � = k | Y = k } , which is used by Bayes

ule-based classifiers. However, when dealing with the im-

alanced data, the overall misclassification rate is improper

ince the misclassification of a sample from a majority class

ill inflate it by the larger amount of prior πk . 

In contrast, the balanced rate takes into account a balance

mong the error rates of different classes, and is more favored
when measuring the prediction accuracy on the imbalanced

data. 

We define the optimal rule as the rule achieving the lowest

balanced rate, denoted by δ∗
X , where the subscript X implies

the dependence of the rule on the conditional distribution of

X | Y . The optimal rule is used as the benchmark when evalu-
ating the prediction accuracy of a rule. The following theorem

gives the general form of the optimal rule and its specific form

under the EDA model. 

Theorem 1: The optimal rule δ∗
X takes the form as 

δ∗
X (x ) = argmax k ∈{ 1 ,... ,K} fk (x ) , where x ∈ R 

p and fk is 

the density of the conditional distribution X | (Y = k ) . 

Specifically, under the EDA model ( 1 ) , 

δ∗
X (x ) = argmax 

k ∈{ 1 ,... ,K} 
(μk − μ1 )

� �−1 {x − (μk + μ1 ) / 2 } . ( 3)

In ( 3 ) , we choose to use the first class as the reference class

for simplicity. However, any class can be used as the reference

class to produce legitimate classifiers using our method. 

As indicated by Theorem 1 , under the EDA model, the op-

timal rule depends on x only through its K − 1 linear combi-

nations (μk − μ1 )
� �−1 

x , k = 2 , . . . , K. 

Therefore, the K − 1 directions �−1 (μk − μ1 ) , k = 2 , . . . , K,

contain all the information from X for prediction. However,

this set of directions are not the only choice for dimen-

sion reduction. As demonstrated in the following lemma, any

matrix spanning the same subspace as {�−1 (μk − μ1 ) , k =
2 , . . . , K} serves the same purpose in reducing the data. Let
δ∗
β� X 

denote the optimal rule for β� X such that δ∗
β� X 

(β� 

x ) =
argmax k ∈{ 1 ,... ,K} hk (β

� 

x ) , where hk denotes the conditional dis-

tribution of β� X | (Y = k ) . 

Lemma 1: Under the EDA model ( 1 ) , for any matrix 

β ∈ R 

p×(K−1) such that 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
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span (β) = span {�−1 (μ2 − μ1 ) , . . . , �
−1 (μK − μ1 ) } , we 

have δ∗
X (x ) = δ∗

β� X (β
� 
x ) for any x ∈ R 

p . 

We denote the dimension-reduction subspace in the EDA

model by S = span {�−1 (μ2 − μ1 ) , . . . , �
−1 (μK − μ1 ) } . Ac-

cording to Lemma 1 , the subspace S fully characterizes the

dimension-reduction structure inherent in the EDA model,

containing all the information from X for achieving the op-

timal rate. 

When p is less than n , the subspace S can be estimated by

directly substituting the sample estimates of � and μk , k =
1 , . . . , K. 

However, in the ultra-high-dimensional setting, where p

grows at an exponential rate with n , the sample estimate of �

is singular, rendering the failure of the plug-in method. In

the next section, we introduce the sparsity structure to S,
which enables its efficient estimation even under the ultra-

high-dimensional setting. 

4 Sparse Robust Discriminant Analysis 
4.1 Main procedure 

In high-dimensional statistics, it is a common strategy to as-

sume the sparsity structure in modeling. In our setting, we

assume that only a subset of predictors contributes to the

classification. Let β = (β jk ) ∈ R 

p×(K−1) denote a basis of S. In-
tuitively, a covariate Xj is non-contributory in the optimal

rule ( 3 ) if and only if β jk = 0 for k = 1 , . . . , K − 1 . Accord-

ingly, we define the active set A = { j | β jk � = 0 for some k } ,
denoting the index set of important variables. Let s = |A|
denote the sparsity level. In fact, the definition of A is in-

dependent of how we choose the basis matrix of S. There-
fore, we have more options for parameterizing S. One option
is η = �−1 

x (μ1 , . . . , μK−1 ) ∈ R 

p×(K−1) , where �x = Cov (X ) ∈
R 

p×p . The following lemma validates that η equivalently spans
S: 
Lemma 2: The subspace S = span (η) and 

δ∗
X (x ) = δ∗

η� X (η
� 
x ) for any x ∈ R 

p , where δ∗
η� X denotes 

the optimal rule for η� X and is defined similar to δ∗
β� X . 

The new reparameterization of S in Lemma 2 lays the foun-
dation for our estimation procedure. As we will see shortly,

the sparse estimation of η can be cast as a group-Lasso prob-

lem, which allows us to leverage the computationally efficient

group-Lasso algorithm. The active set A can be equivalently

defined as A = { j | η jk � = 0 for some k } . Let Y = { π−1 
1 I(Y =

1) , . . . , π−1 
K−1 I(Y = K − 1) }� ∈ R 

K−1 denote the scaled indica-
tor vector of response Y , where I(·) is the indicator function.
The matrix η can be recovered from a least-square problem,

stated in the following lemma: 

Lemma 3: The matrix 

η = argmin α∈R p×(K−1) E ‖ Y − α� X ‖2 2 . 
According to Lemma 3 , when the sparsity structure for S

is demanded, the least-square formulation in ( 3 ) motivates

a sparse estimation of η through solving a group-Lasso pe-

nalized problem. Moreover, to alleviate the adverse impact

of heavy-tailedness, we truncate the predictors before fitting

the model with group-Lasso. For the predictor X , we trun-
ate it with a proper thresholding value τ > 0 , and obtain 

he truncated predictor ˜ X . Specifically, each element of the 

runcated predictor ̃  X is defined as ̃  Xj = sign (Xj )(| Xj | ∧ τ ) , for 

j = 1 , . . . , p. We choose the data truncation due to its sim- 

licity and ease of implementation. We will show that by 

ppropriately selecting the truncation value and capping the 

utliers, the group-Lasso estimator gains consistency in sub- 

pace estimation, variable selection, and prediction. In fact, 

he data truncation procedure has been widely studied in 

 generalized) linear models, see Fan et al. ( 2021 ) and Zhu 

nd Zhou ( 2021 ) , for example. However, these methods are 

pecifically designed for regression and cannot be directly ap- 

lied to our classification problem. 

Let (Yi , Xi ) , i = 1 , . . . , n , denote n i.i.d. samples. For each 

esponse Yi , we construct the scaled indicator vector ̂ Yi = 

̂ π−1 
1 I (Yi = 1) , . . . ,̂ π−1 

K−1 I (Yi = K − 1) }� , where ̂ πk = nk /n is 

he estimated prior for response and nk =
∑ n 

i =1 I(Yi = k ) de- 

otes the sample size of the k th class. For each predictor Xi , 

e truncate it with a proper thresholding value τ > 0 , and ob- 

ain the truncated predictor ̃  Xi . Then, let Y n = (̂ Y1 , . . . ,̂ Yn )
� ∈ 

 

n ×(K−1) and X n = (˜ X1 , . . . ,˜ Xn )
� ∈ R 

n ×p denote the data ma- 
rices, we propose the sparse estimation of η by solving the 

ollowing group-Lasso penalized problem: 

̂ η = argmin 
α∈R p×(K−1) 

1 

2 n 
‖Y n − X n α‖2 F + λ‖α‖2 , 1 , ( 4) 

here λ > 0 is the tuning parameter. Accordingly, the esti- 

ation of S is ̂ S = span (̂  η) . Based on the definition of A , we 

stimate it by ̂ A = { j | ̂ η jk � = 0 for some k } . The group-Lasso 
enalized problem ( 4 ) can be readily solved by off-the-shelf 

roup-Lasso algorithms. In our implementation, we use the R 

ackage glmnet ( Friedman et al., 2010 ) for solving ( 4 ) . 

Once we obtain the sparse estimator ̂  η from the group-Lasso 

enalized optimization problem ( 4 ) , we develop the classifier 

sing the “projection-and-prediction” strategy. According to 

emma 2 , given η, the classification rule δ∗
η� X (η

� 

x ) is equiva- 

ent to δ∗
X (x ) , achieving the optimal rate. Let Z = η� X ∈ R 

K−1 

enote the reduced variates. The following results describe 

he distribution of Z and the corresponding optimal rule. 

Lemma 4: Within each class k ∈ { 1 , . . . , K} , the reduced 
variates Z = η� X follow the conditional EC 

distribution such that Z | (Y = k ) ∼ EC K−1 (θk , �; g) , 
where θk = η� μk and � = η� �η. For any observation 

x ∈ R 

p , the optimal rule for z = η� 
x is given by 

δ∗
Z (z ) ≡ δ∗

X (x ) = argmax 
k ∈{ 1 ,... ,K} 

(θk − θ1 )
� �−1 {z − (θk + θ1 ) / 2 } . 

( 5) 

With the estimator ̂  η, the estimation of parameters � and 

k , for k = 1 , . . . , K, then follows as ̂  � = ̂ η� ̂ �̂ η and ̂  θk = ̂ η� ̂ μk , 

here ̂  μk = n−1 
k 

∑ 

Yi = k ̃
 Xi denotes the sample mean for class k 

nd ̂  � = K−1 ∑ K 
k =1 

∑ 

Yi = k (nk − 1)−1 (˜ Xi − ̂ μk )(˜ Xi − ̂ μk )
� is the 

ooled sample covariance matrix. By plugging the estimates 
 

k and ̂  � into ( 5 ) , we obtain the sample-version optimal rule, 

enoted by ̂  δn . For a new observation (Y ∗, X∗) independent 
f the training set, we reduce X∗ to ̂ Z∗ =̂ η� X∗ and make a 
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rediction as follows: 

̂ δn (X
∗) = argmax 

k ∈{ 1 ,... ,K} 
(̂  θk −̂ θ1 )

� ̂ �
−1 {̂  Z∗ − (̂  θk +̂ θ1 ) / 2 }� . 

( 6)

ur proposed method benefits from the data projection both

omputationally and theoretically. Under the sparsity as-

umption of S, or equivalently η, only a proportion of el-
ments in � and μk is involved in the optimal rule ( 5 ) .

herefore, once the estimator ̂  η accurately recovers the active

et A , the computation in ( 6 ) becomes more efficient. The re-

uced number of parameters also facilitates the theoretical

ustification and simplifies our theoretical proof, so long as s

rows with n at a slow rate. 

Some remarks on formulation ( 4 ) are given as follows. For-

ulation ( 4 ) bears resemblance to MSDA method, introduced

y Mai et al. ( 2019 ) . However, there are several key distinc-

ions between the two approaches. First, MSDA assumes the

DA model and relies on the normality of X | Y . In contrast,
ur SODA method is designed for a more general EDA model,

ncluding the LDA model as a special case. Second, MSDA

oes not account for the heavy-tailedness of the data, which

an lead to performance degradation when the LDA model as-

umption is violated. Third, MSDA implements a block-wise

radient descent algorithm while we solves a group-Lasso

roblem. 

4.2 Tuning parameter selection 

n SODA, we have two tuning parameters, λ and τ . While we

ould use cross-validation to tune these two parameters si-

ultaneously, such an approach may be time-consuming. For

fficient computation, we consider a sequential tuning proce-

ure, where we first tune λ by fixing τ at a small value τ0 ,

nd then fix λ at the chosen value to select τ . Our sequen-

ial tuning strategy is motivated by Fan et al. ( 2021 ) , which

unes the sparsity-encouraging parameter and the truncation

arameter sequentially. 

In this sequential procedure, it is especially important to se-

ect a good λ in the first stage to ensure the success of the final

rediction. To achieve this goal, we first use cross-validation

o produce an appropriate range for candidate tuning param-

ters, and then use an information criterion to fine tune λ. In

articular, we first select the baseline value λ0 using the cross-

alidation function for group Lasso in the R package glmnet ,

hen the candidate sequence for λ is constructed by multi-

lying the baseline value λ0 by a sequence of factors. In the

imulations, the factors consist of 15 equally spaced values

rom 1.5 to 0.01. For the real data analysis, we adopt finer

uning grids by setting the factors to 20 equally spaced val-

es ranging from 1.5 to 0.001. Moreover, the value τ0 is fixed

t the 0.98 quantile of {| Xi, j | | i = 1 , . . . , n, j = 1 , . . . , p} . Note
hat the information criterion is used in fine tuning to speed

p computation, where we only fit the solution path once.

or the same reason, information criteria have been consid-

red in high dimensions; see Fan and Tang ( 2013 ) , Wang and

eng ( 2007 ) , and Wang et al. ( 2009 ; 2007 ) , for example. We
consider the following information criterion: 

IC (λ) = n · log (‖Y n − X n ̂  η(τ0 , λ) ‖2 F /n ) + log p · log (log n ) 
·k (K − 1) , 

where ̂ η(τ0 , λ) denotes the estimator of η, K − 1 and k de-

note the number of columns and non-zero rows of ̂  η(τ0 , λ) ,

respectively, such that k (K − 1) equals to the number of non-

zero elements of ̂  η(τ0 , λ) . Our motivating references also ac-

count for sparsity in the information criteria only through

the number of non-zero elements, too. Furthermore, the term

log p · log (log n ) in IC (λ) is inspired by the generalized infor-
mation criterion in Fan and Tang ( 2013 ) , which adapts to the

dimensionality p even when data are high-dimensional. The

optimal λ is the one yielding the smallest IC (λ) , denoted by

λopt . 

In the second step, with λ fixed at λopt , we tune τ via 5-fold

cross-validation. In simulations, the candidate sequence for τ

comprises of 10 quantiles of {| Xi, j | : i = 1 , . . . , n, j = 1 , . . . , p} ,
equally spaced from the 80th to the 99.9th percentiles, with

infinity also included to represent no truncation. For the real

applications, we consider more candidate values, including

the infinity and 15 percentiles equally spaced between the

80th and 99.9th percentiles. For each τ from the candidate

sequence, denote the SODA estimator on the m th fold by

 η(m ) (τ, λopt ) , where m = 1 , . . . , 5 . Then we record the aver-

aged loss (
∑ 5 

m =1 ‖Y n − X n ̂  η(m ) (τ, λopt ) ‖2 F ) / 5 and choose the
optimal τopt as the τ yielding the smallest loss. 

5 Theory 

In this section, we provide theoretical justification for the con-

sistency of the prediction accuracy of our proposal. Due to

the space limit, the consistency results of subspace estima-

tion and variable selection are provided in Section S.4 of the

Supplementary Materials . 

The following finite moment assumption is required for es-

tablishing the theoretical results of our proposal: 

( 1) For any j, k = 1 , . . . , p, there exists some constant R >

0 such that E(X2 j X
2 
k 
) ≤ R . 

Assumption ( 1) requires the predictors to have a finite

fourth-moment, which is less restrictive compared to the

light-tailed distributional assumption in the classical LDA

model. This finite moment assumption is also common in ro-

bust statistical inferences. For instance, Ren and Mai ( 2022 )

adopt the finite conditional fourth-moment assumption in

high-dimensional classification, and Fan et al. ( 2021 ) im-

pose the finite fourth-moment assumption in trace regres-

sion. To save space, other technical assumptions and their ex-

planations are gathered in Section S.3 of the Supplementary

Materials . 

Consider a pair of new data (Y ∗, X∗) , independent of
the training set that is used to obtain the estimated rule
 δn in ( 6 ) . Let Rn = (1 /K)

∑ K 
k =1 Pr {̂  δn (X

∗) � = k | Y ∗ = k } de-
note the balanced rate of the estimated rule, and let R∗ =
(1 /K)

∑ K 
k =1 Pr { δ∗

X (X
∗) � = k | Y ∗ = k } denote the optimal rate.

Note that Rn is a random variable, with its randomness aris-

ing from the stochastic ̂  δn . 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
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Theorem 2: Under Assumptions ( A1) –( A9) , assume 

that C1 s
2 log p ≤ n for some sufficiently large constant 

C1 > 0 and that log p ≥ n1 −2 k for some constant 
0 < k < 1 / 2 . By taking λ � s (log p/n )1 / 2 and 

τ � (n/ log p)1 / 4 , there exist some constants C, C′ > 0 

such that with probability at least 

1 −C exp (−C′ n1 −2 k ) , we have 
| Rn − R∗| � (s4 log p/n )1 / 6 . 

According to Theorem 2 , compared with sparse LDA meth-

ods, which rely on the conditional normality assumption, our

proposal attains consistency of the optimal rate under a much

weaker moment Assumption ( 1) . Therefore, our approach

provides accurate classification performance even in the pres-

ence of heavy-tailed data, demonstrating its robustness. 

6 Simulation 

In this section, we compare our proposal with several com-

petitors, including sparse logistic regression method ( SLR;

Friedman et al., 2010 ) and two off-the-shelf sparse LDA meth-

ods, namely, multiclass sparse discriminant analysis ( MSDA;

Mai et al., 2019 ) and adaptive linear discriminant analysis

rule ( AdaLDA; Cai and Zhang, 2019 ) . Additionally, we also

include into comparison two popular machine learning clas-

sifiers, including support vector machine ( SVM; Cortes and

Vapnik, 1995 ) and random forest ( RF; Breiman, 2001 ) . More-

over, as a benchmark for evaluating the prediction accuracy,

the optimal rate is included. We implement SLR, MSDA, SVM,

and RF using the R packages glmnet , msda , kernlab , and

randomForest , respectively. The code for AdaLDA is publicly

available from the authors’ website. For SODA, tuning pa-

rameters are selected via the sequential procedure described

in Section 4 . For SLR, MSDA, and SVM, tuning parameters

are chosen by 5-fold cross-validation using the default cross-

validation functions in their respective R packages. For RF,

the optimal parameters are determined by the built-in tun-

ing function in the randomForest package, which by default

searches for the parameters that minimize the out-of-bag er-

ror. As AdaLDA is tuning-free, no additional parameter selec-

tion is required. 

6.1 Balanced data 

We set the dimension p = 1000 and generate a training set

consisting of n = 100 × K samples, with each class contain-

ing 100 samples. We also generate a separate testing set with

a sample size of 250 × K. Two sparse precision matrices are

considered, including the Erdős–Rényi random graph �1 and

the block sparse model �2 , which are also used in Cai and

Zhang ( 2019 ) and Cai and Liu ( 2011 ) . The definitions of �1 

and �2 are given in Section S.1 of the Supplementary Materi

als . We take the covariance matrix �i = �−1 
i for i = 1 , 2 . 

We consider six EDA models where the conditional dis-

tribution of X | Y follows a multivariate t distribution. Let
βk = �−1 (μk +1 − μ1 ) , for k = 1 , . . . , K − 1 . In each model, we

first specify � and βk , then take μ1 = −�(K−1 ∑ K−1 
k =1 βk ) and

μk +1 = �{βk − K−1 (
∑ K−1 

k =1 βk ) } , for k = 1 , . . . , K − 1 , such that

E(X ) = 0 . For βk = (βk,i ) , we only describe the non-zero ele-

ments and the rest of the elements are set to zero. In addition,
nif (a, b) denotes the uniform distribution supported on the 

nterval (a, b) : 

( 1) K = 2 , β1 ,i takes values from Unif( 8,9) for 1 ≤ i ≤ 4 , 

� = �1 ; 

( 2) K = 2 , β1 ,i takes values from Unif( 0.4,1.4) for 1 ≤ i ≤
4 , � = �2 ; 

( 3) K = 3 , β1 ,i , β2 , j take values from Unif (5 , 5 . 5) , and 

β1 , j , β2 ,i take values from Unif (0 . 5 , 1) for 1 ≤ i ≤ 4 , 

5 ≤ j ≤ 8 , � = �1 ; 

( 4) K = 3 , β1 ,i , β2 , j take values from Unif (1 , 1 . 5) , and 

β1 , j , β2 ,i take values from Unif (0 . 5 , 1) for 1 ≤ i ≤ 4 , 

5 ≤ j ≤ 8 , � = �2 ; 

( 5) K = 4 , β1 ,i takes values from Unif (5 , 5 . 5) for 1 ≤ i ≤
4 , and Unif (0 . 5 , 1) for 5 ≤ i ≤ 12 , β2 , j takes values 

from Unif (0 . 5 , 1) for 1 ≤ j ≤ 4 and 9 ≤ j ≤ 12 , and 

Unif (5 , 5 . 5) for 5 ≤ j ≤ 8 , and β3 ,k takes values from 

Unif (0 . 5 , 1) for 1 ≤ k ≤ 8 , and Unif (5 , 5 . 5) for 9 ≤ k ≤
12 , � = �1 . 

( 6) K = 4 , β1 ,i takes values from Unif (1 , 1 . 5) for 1 ≤ i ≤
4 , and Unif (0 . 5 , 1) for 5 ≤ i ≤ 12 , β2 , j takes values 

from Unif (0 . 5 , 1) for 1 ≤ j ≤ 4 and 9 ≤ j ≤ 12 , and 

Unif (1 , 1 . 5) for 5 ≤ j ≤ 8 , and β3 ,k takes values from 

Unif (0 . 5 , 1) for 1 ≤ k ≤ 8 , and Unif (1 , 1 . 5) for 9 ≤ k ≤
12 , � = �2 . 

The values of the non-zero elements in βk are chosen such 

hat the optimal rate is controlled at an appropriate level. 

We vary the degrees of freedom ν over the values 

 2 . 1 , 4 . 1 , 5 , 7 , ∞} to investigate how the magnitude of heavy-

ailedness affects the performance of each competitor. When 

= ∞ , the multivariate t distribution degenerates to the mul- 

ivariate normal distribution. 

The balanced rates are reported in Table 1 . It can be seen 

hat SODA has advantages over other competitors, and its bal- 

nced rate approaches the optimal rate across all settings. Fur- 

hermore, the smaller the value of ν, the greater the advantage 

f SODA, highlighting its robustness against heavy-tailedness. 

pecially, when ν = ∞ , the EDA model reduces to the LDA 

odel, and SODA continuous to exhibit accurate prediction 

erformance. 

To illustrate these findings more clearly, we present the R 

ersus ν plots for each competitor, which are relegated to Se 

tion S.2.3 of the Supplementary Materials . 

Moreover, even when Assumption ( A1) is violated when 

= 2 . 1 , SODA still maintains accurate predictive perfor- 

ance. The subspace estimation and variable selection results 

re presented in Sections S.2.1 and S.2.2 of the Supplementary 

aterials , respectively. The results show that SODA domi- 

ates sparse LDA methods in estimating the subspace, and 

uch a discrepancy becomes more pronounced when ν de- 

reases. Moreover, SODA achieves perfect variable selection 

ven when the predictors have heavy tails. 

We also explore EC distributions beyond the multivari- 

te t distribution. In Section S.2.4 of the Supplementary 

aterials , we conduct simulations under the EDA model with 

 | Y following multivariate Laplace distribution. Although 
he Laplace distribution is not theoretically heavy-tailed, it ex- 

ibits heavier tails than the normal distribution. Once again, 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
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Table 1 Means ( and standard errors) of the balanced rate R (%) in Models ( M1) –( M6) with the degree of freedom ν = 2 . 1 , 4 . 1 , 5 , 7 , ∞ . 

Method Balanced rate R ( %) 

ν = 2 . 1 ν = 4 . 1 ν = 5 ν = 7 ν = ∞ ν = 2 . 1 ν = 4 . 1 ν = 5 ν = 7 ν = ∞ 

Model ( M1) Model ( M2) 

Optimal 17.7 ( 0.2) 11.8 ( 0.1) 10.6 ( 0.1) 9.2 ( 0.1) 6.2 ( 0.1) 18.6 ( 0.2) 12.5 ( 0.1) 11.5 ( 0.1) 9.9 ( 0.1) 7.0 ( 0.1) 

SODA 18.9 ( 0.2) 12.5 ( 0.2) 11.2 ( 0.1) 9.7 ( 0.1) 6.9 ( 0.1) 20.1 ( 0.2) 13.4 ( 0.2) 12.4 ( 0.2) 11.0 ( 0.2) 8.0 ( 0.1) 

MSDA 37.6 ( 0.7) 14.5 ( 0.4) 13.2 ( 0.3) 11.5 ( 0.3) 8.6 ( 0.3) 30.1 ( 0.6) 15.0 ( 0.3) 14.0 ( 0.3) 12.6 ( 0.3) 8.9 ( 0.2) 

AdaLDA 27.2 ( 0.2) 14.3 ( 0.2) 13.3 ( 0.2) 10.9 ( 0.2) 8.1 ( 0.1) 28.3 ( 0.2) 15.3 ( 0.2) 13.6 ( 0.2) 12.2 ( 0.2) 8.1 ( 0.1) 

SLR 22.8 ( 0.3) 14.4 ( 0.2) 12.9 ( 0.2) 11.0 ( 0.2) 7.9 ( 0.2) 27.4 ( 0.6) 15.9 ( 0.2) 14.4 ( 0.2) 12.8 ( 0.2) 9.2 ( 0.2) 

SVM 37.7 ( 0.2) 26.8 ( 0.2) 24.6 ( 0.2) 22.4 ( 0.2) 18.2 ( 0.2) 38.4 ( 0.3) 26.4 ( 0.2) 25.3 ( 0.3) 23.7 ( 0.3) 20.5 ( 0.2) 

RF 24.9 ( 0.4) 15.8 ( 0.2) 15.1 ( 0.2) 13.6 ( 0.2) 11.0 ( 0.3) 28.5 ( 0.2) 22.6 ( 0.2) 21.0 ( 0.2) 19.4 ( 0.2) 16.7 ( 0.2) 

Model ( M3) Model ( M4) 

Optimal 21.5 ( 0.1) 11.3 ( 0.1) 9.8 ( 0.1) 7.6 ( 0.1) 4.0 ( 0.1) 18.1 ( 0.2) 8.4 ( 0.1) 7.0 ( 0.1) 5.1 ( 0.1) 2.4 ( 0.1) 

SODA 23.8 ( 0.2) 12.5 ( 0.1) 10.7 ( 0.1) 8.9 ( 0.1) 4.6 ( 0.1) 19.5 ( 0.2) 9.4 ( 0.1) 8.0 ( 0.1) 6.2 ( 0.1) 3.0 ( 0.1) 

MSDA 42.3 ( 0.5) 19.8 ( 0.4) 17.9 ( 0.3) 15.9 ( 0.3) 10.5 ( 0.3) 24.8 ( 0.3) 12.4 ( 0.2) 11.0 ( 0.2) 9.4 ( 0.1) 5.8 ( 0.1) 

AdaLDA 28.6 ( 0.2) 14.8 ( 0.1) 12.9 ( 0.1) 9.9 ( 0.1) 4.9 ( 0.1) 25.1 ( 0.2) 14.5 ( 0.1) 10.8 ( 0.1) 8.6 ( 0.1) 3.8 ( 0.1) 

SLR 27.2 ( 0.2) 15.0 ( 0.2) 12.2 ( 0.2) 10.0 ( 0.2) 5.5 ( 0.1) 23.8 ( 0.3) 11.1 ( 0.1) 9.6 ( 0.1) 7.4 ( 0.1) 3.7 ( 0.1) 

SVM 43.2 ( 0.6) 21.4 ( 0.2) 20.3 ( 0.2) 15.9 ( 0.3) 10.5 ( 0.3) 38.8 ( 0.4) 21.2 ( 0.2) 18.3 ( 0.2) 16.3 ( 0.2) 11.3 ( 0.1) 

RF 26.1 ( 0.6) 15.4 ( 0.2) 14.3 ( 0.2) 14.0 ( 0.2) 9.1 ( 0.3) 27.3 ( 0.4) 14.6 ( 0.3) 13.1 ( 0.3) 11.9 ( 0.3) 8.1 ( 0.1) 

Model ( M5) Model ( M6) 

Optimal 25.2 ( 0.1) 14.3 ( 0.1) 12.3 ( 0.1) 9.9 ( 0.1) 5.6 ( 0.1) 24.8 ( 0.1) 13.1 ( 0.1) 10.5 ( 0.1) 8.3 ( 0.1) 3.9 ( 0.1) 

SODA 28.9 ( 0.2) 15.6 ( 0.2) 14.3 ( 0.1) 11.8 ( 0.1) 6.4 ( 0.1) 27.8 ( 0.3) 14.9 ( 0.2) 11.9 ( 0.2) 9.9 ( 0.1) 4.9 ( 0.1) 

MSDA 49.2 ( 0.4) 27.5 ( 0.2) 25.6 ( 0.2) 23.4 ( 0.2) 18.6 ( 0.2) 34.4 ( 0.5) 17.0 ( 0.3) 13.9 ( 0.1) 12.0 ( 0.1) 6.2 ( 0.1) 

AdaLDA 32.2 ( 0.3) 19.2 ( 0.2) 16.1 ( 0.1) 13.3 ( 0.1) 7.3 ( 0.1) 33.4 ( 0.2) 16.2 ( 0.2) 13.2 ( 0.1) 10.7 ( 0.1) 4.9 ( 0.1) 

SLR 34.5 ( 0.3) 18.6 ( 0.1) 16.3 ( 0.1) 12.8 ( 0.1) 7.6 ( 0.1) 32.6 ( 0.3) 16.1 ( 0.2) 14.3 ( 0.1) 10.9 ( 0.1) 5.7 ( 0.1) 

SVM 54.3 ( 0.2) 35.5 ( 0.2) 35.1 ( 0.4) 31.5 ( 0.3) 25.0 ( 0.2) 48.6 ( 0.2) 37.7 ( 0.3) 33.1 ( 0.2) 24.1 ( 0.2) 20.1 ( 0.1) 

RF 36.2 ( 0.4) 28.1 ( 0.2) 27.0 ( 0.2) 25.0 ( 0.2) 18.1 ( 0.2) 37.6 ( 0.2) 24.7 ( 0.2) 21.4 ( 0.2) 20.0 ( 0.2) 16.4 ( 0.2) 

The best result excluding optimal rate in each setting is highlighted. 
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ur proposal demonstrates its robustness, achieving the best

erformance in all aspects. 

6.2 Imbalanced data 

n this section, we examine how the imbalance affects the

erformance of each competitor. We focus on Models ( M1)

nd ( M4) , where the conditional distribution X | Y follows the
ultivariate t distribution, and Model ( M8) , where X | Y fol-
ows the multivariate Laplace distribution. The dimension p

s fixed at 1000. For Models ( M1) and ( M8) with K = 2 , we

enerate n = 200 samples in the training set. For Model ( M4)

ith K = 3 , the training set consists of n = 300 samples. To

easure the magnitude of data imbalance, we introduce the

mbalanced factor M. Specifically, for binary classification, M

epresents the ratio of sample sizes of the first and second

lasses. For three-class classification, we keep the sample size

f the second class at 100 and that of the other two classes at

00, then M represents the ratio of sample sizes of the first

nd the third classes. A larger M indicates greater imbalance

evel. For example, when M = 1 , the sample sizes are equal.

hen M = 4 , the ratio of sample sizes is 4 : 1 for K = 2 and

 : 5 : 2 for K = 3 . We also generate a separate testing set of

ize 2 . 5 n , with the ratio of sample sizes following that in the

raining set. 

In Table 2 , we report the balanced rate R as the imbalanced

actor M varies over 1, 2, 3, and 4. We also report the error
rate in the minority class, denoted by Rm . Recall that the rate

Rm is more crucial than R in certain real applications. It can

be seen from Table 2 that SODA consistently outperforms all

competitors across all settings, with its balanced rate R ap-

proaching the optimal rate. Additionally, as the imbalanced

factor M increases, the balanced rate R of SODA remains ro-

bust. In comparison, the balanced rates of MSDA, SVM, and

RF deteriorate significantly. Furthermore, SODA achieves the

lowest Rm in all settings, indicating its superior prediction ac-

curacy for the minority class on imbalanced data. As M in-

creases, Rm of SODA remains stable while other competitors

struggle with predicting the minority class. Particularly, when

M = 4 , where the minority class makes up 20% of the data

in Models ( M1) and ( M8) , and 13.3% in Model ( M4) , SODA

maintains accurate prediction, especially for samples in the

minority class. 

The subspace estimation and variable selection results are

detailed in Section S.2.5 of the Supplementary Materials . Our

proposal outperforms other competitors by a significant mar-

gin in subspace estimation and achieves almost perfect vari-

able selection. 

7 Gene Expression Data Analysis 

Distinguishing between malignant pleural mesothelioma

( MPM) and adenocarcinoma ( ADCA) of the lung is of great

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
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Table 2 Means ( and standard errors) of the balanced rate R (%) and the error rate in the minority class Rm (%) in Models ( M1) , ( M4) , and ( M8) . 

Method M= 1 M= 2 M= 3 M= 4 

R ( %) Rm ( %) R ( %) Rm ( %) R ( %) Rm ( %) R ( %) Rm ( %) 

Model ( M1) 

Optimal 11.8 ( 0.1) 11.8 ( 0.2) 11.7 ( 0.1) 11.5 ( 0.2) 12.0 ( 0.2) 12.2 ( 0.3) 12.1 ( 0.2) 12.4 ( 0.1) 

SODA 12.5 ( 0.2) 12.4 ( 0.2) 12.5 ( 0.2) 11.1 ( 0.3) 13.1 ( 0.2) 11.2 ( 0.3) 13.1 ( 0.2) 11.1 ( 0.4) 

MSDA 14.5 ( 0.3) 14.4 ( 0.4) 15.0 ( 0.4) 16.1 ( 0.5) 16.5 ( 0.5) 18.1 ( 0.7) 16.6 ( 0.5) 18.7 ( 0.7) 

AdaLDA 14.3 ( 0.2) 14.3 ( 0.3) 14.3 ( 0.2) 14.5 ( 0.2) 14.7 ( 0.2) 15.0 ( 0.2) 15.1 ( 0.2) 16.3 ( 0.2) 

SLR 14.5 ( 0.2) 14.4 ( 0.3) 16.2 ( 0.2) 23.9 ( 0.3) 19.2 ( 0.3) 30.8 ( 0.3) 21.3 ( 0.3) 35.1 ( 0.4) 

SVM 26.8 ( 0.2) 26.9 ( 0.3) 29.8 ( 0.2) 47.1 ( 0.3) 35.3 ( 0.3) 64.8 ( 0.4) 40.4 ( 0.3) 78.2 ( 0.5) 

RF 15.8 ( 0.2) 15.1 ( 0.5) 21.6 ( 0.3) 29.2 ( 0.4) 23.4 ( 0.2) 35.0 ( 0.4) 25.5 ( 0.2) 39.2 ( 0.4) 

Model ( M4) 

Optimal 8.4 ( 0.1) 7.0 ( 0.2) 8.5 ( 0.1) 7.2 ( 0.2) 8.6 ( 0.1) 7.1 ( 0.2) 8.4 ( 0.1) 6.8 ( 0.3) 

SODA 9.4 ( 0.1) 8.8 ( 0.2) 9.5 ( 0.1) 8.5 ( 0.2) 9.7 ( 0.1) 8.6 ( 0.3) 9.6 ( 0.1) 8.3 ( 0.4) 

MSDA 12.4 ( 0.2) 11.1 ( 0.3) 12.6 ( 0.2) 12.1 ( 0.3) 12.8 ( 0.2) 12.8 ( 0.2) 13.3 ( 0.2) 13.9 ( 0.5) 

AdaLDA 14.5 ( 0.1) 13.6 ( 0.3) 14.8 ( 0.2) 13.9 ( 0.3) 14.9 ( 0.1) 14.1 ( 0.3) 15.0 ( 0.2) 15.9 ( 0.3) 

SLR 11.1 ( 0.1) 9.1 ( 0.2) 11.9 ( 0.2) 9.3 ( 0.3) 12.6 ( 0.2) 11.1 ( 0.3) 13.7 ( 0.2) 13.6 ( 0.4) 

SVM 21.2 ( 0.2) 20.5 ( 0.3) 23.3 ( 0.2) 35.9 ( 0.4) 26.8 ( 0.2) 48.6 ( 0.5) 29.9 ( 0.2) 59.4 ( 0.6) 

RF 14.6 ( 0.3) 13.5 ( 0.4) 18.4 ( 0.4) 31.9 ( 1.0) 23.4 ( 0.6) 48.1 ( 1.6) 29.1 ( 0.2) 64.4 ( 0.7) 

Model ( M8) 

Optimal 13.5 ( 0.2) 13.7 ( 0.2) 13.6 ( 0.2) 13.8 ( 0.3) 13.6 ( 0.2) 13.8 ( 0.3) 13.5 ( 0.2) 13.5 ( 0.3) 

SODA 14.2 ( 0.2) 14.3 ( 0.3) 14.5 ( 0.2) 14.5 ( 0.3) 15.0 ( 0.2) 12.1 ( 0.4) 16.0 ( 0.3) 12.6 ( 0.5) 

MSDA 15.3 ( 0.2) 15.2 ( 0.4) 16.1 ( 0.2) 17.6 ( 0.4) 16.9 ( 0.3) 19.5 ( 0.6) 18.0 ( 0.3) 22.7 ( 0.7) 

AdaLDA 15.4 ( 0.2) 15.1 ( 0.3) 16.3 ( 0.3) 17.1 ( 0.4) 16.7 ( 0.3) 19.4 ( 0.5) 18.1 ( 0.3) 23.3 ( 0.8) 

SLR 16.5 ( 0.2) 16.6 ( 0.3) 18.2 ( 0.2) 25.6 ( 0.3) 21.9 ( 0.3) 32.9 ( 0.3) 25.0 ( 0.4) 37.7 ( 0.3) 

SVM 29.4 ( 0.2) 29.2 ( 0.4) 35.2 ( 0.3) 60.5 ( 0.6) 49.9 ( 0.0) 99.6 ( 0.1) 50.0 ( 0.0) 100.0 ( 0.0) 

RF 25.3 ( 0.3) 25.4 ( 0.4) 26.5 ( 0.2) 20.7 ( 0.5) 28.1 ( 0.3) 17.7 ( 0.7) 29.7 ( 0.3) 16.8 ( 0.6) 

The imbalanced factor M varies over 1, 2, 3, and 4. The best result excluding optimal rate in each setting is highlighted. 
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interest for medical diagnosis purpose. In this paper, we

evaluate the proposed method by classifying between MPM

and ADCA samples in the lung cancer data set studied by

Gordon et al. ( 2002 ) . The data set is composed of n = 181

samples, collected from patients who underwent surgery at

Brigham and Women’s Hospital between 1993 and 2001.

Among these samples, n1 = 31 are collected from MPM sur-

gical specimens and n2 = 150 are collected from ADCA sur-

gical specimens, encoded by Y = 1 , 2 , respectively. For each

sample, the expression levels of p = 12533 gene transcripts

are recorded, denoted by X ∈ R 

p . In Sections S.2.6 and S.2.7

of the Supplementary Materials , we provide additional anal-

yses of a binary-class lung cancer data set and a three-class

leukemia data set. 

We randomly split the data into a training set and

a testing set in an 85/15 ratio in a stratified manner

for 100 times. In each data splitting, we first perform

variable screening. On the training set, we compute the

two-sample t -test statistic t j for the jth gene Xj , j =
1 , . . . , p, defined as t j = ( ˆ μ1 j − ˆ μ2 j ) / (s j 

√ 

n−1 
1 + n−1 

2 ) , where

s j =
√ 

{ (n1 − 1) s2 
1 j 

+ (n2 − 1) s2 
2 j 

} / (n1 + n2 − 2) , ˆ μk j and sk j 

are sample mean and standard deviation of Xj in class k , for

k = 1 , 2 . Based on t j , we conduct a t -test and keep top 2000

variables with the highest significance from the training set.
he corresponding variables in the testing set are also kept. 

hen, we compare our proposal with MSDA, AdaLDA, SLR, 

VM, and RF. The balanced rate, error rate in the minority 

lass, and estimated sparsity level are shown in Table 3 . Since 

he variable selection is not directly implemented by SVM and 

F, we omit the estimated sparsity level of SVM and RF from 

he table. 

Table 3 shows that SODA achieves the highest prediction 

ccuracy with fewer variables than competing methods. No- 

ably, SODA also attains the most accurate prediction on the 

inority class, whereas other methods perform poorly, lead- 

ng to their high balanced rates. To further examine the tail 

ehavior of the gene expression data, we select the 2000 genes 

n the full data set following the same variable screening pro- 

edure, and make the histogram of excess kurtosis coefficients 

f these genes in Figure 1 . Approximately 72% exhibit excess 

urtosis greater than 2, indicating heavy-tailed distributions. 

hese results demonstrate that SODA is not only robust to 

eavy-tailed lung cancer data but also yields a more inter- 

retable model through parsimonious variable selection. 

Furthermore, we provide biological explanations for vari- 

bles most frequently selected by SODA. In Figure 2 , the his- 

ogram displays the selection frequency of all variables across 

00 replicates, with four genes standing out: S100P, CD36, 

TV1 , and IGHA1 . Shu et al. ( 2023 ) reported that high ex- 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujag039#supplementary-data
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Table 3 Means ( and standard errors) of the balanced rate R (%) , the error rate in the minority class Rm (%) , and the estimated sparsity level on 

the lung cancer data. 

SODA MSDA AdaLDA SLR SVM RF 

R (%) 0.8 ( 0.2) 4.7 ( 1.2) 7.9 ( 1.2) 5.3 ( 0.5) 4.6 ( 0.6) 1.4 ( 0.3) 

Rm (%) 1.1 ( 0.4) 8.5 ( 1.2) 7.5 ( 0.9) 10.6 ( 1.0) 9.1 ( 1.2) 2.9 ( 0.6) 

Sparsity 20.4 ( 0.4) 43.6 ( 2.7) 57.1 ( 3.3) 22.1 ( 0.3) – –

Figure 2 Appearance frequency of variables from the lung cancer data selected by SODA in 100 replicates. Bars with frequencies greater than 

50 are highlighted. 

p  

p  

p  

m  

i  

i  

b  

m  

t  

L  

e  

g  

o

 

 

 

̂
 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/biom

etrics/article/82/1/ujag039/8498964 by guest on 27 February 2026
ression of S100P is associated with tumor infiltration and

oor prognosis, suggesting its role in promoting lung cancer

rogression through modulation of the tumor microenviron-

ent. Liu et al. ( 2024 ) experimentally confirmed that inhibit-

ng CD36 reduces tumor growth and metastasis, highlighting

ts key role in lung cancer development. Similarly, ETV1 has

een shown to be upregulated in lung ADCA, where it pro-

otes tumor proliferation and metastasis, indicating its po-

ential as a therapeutic target ( Zuo et al., 2020 ) . Moreover,

u et al. ( 2023 ) found that IGHA1 expression is significantly

levated in tumor-associated immune cell populations, sug-

esting its involvement in immune regulation and its impact

n patient prognosis. 

 

We also provide the visualization of the dimension reduc-

tion effect of SODA. On the 2000 genes selected from the

full data, we implement SODA and obtain the reduced data

 η� X in the two classes. The estimated density curves are pre-

sented in Figure 3 , in which the estimated direction sep-

arates the two classes well, facilitating accurate follow-up

classification. 

8 Discussion 

In this paper, we propose a robust high-dimensional classifier

that maintains efficiency when predictors have heavy tails.

One constraint in the EDA model, also presents in the LDA
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Figure 3 Density curves of the reduced variates ̂  η� X in the lung cancer data. 

 

 

 

 

 

 

 

 

 

 

 

 

 

T

i

m

f

B

B

C

C

C

C

F

F

F

D
ow

nloaded from
 https://academ

ic.oup.com
/biom

etrics/article/82/1/ujag039/8498964 by guest on 27 February 2026
model, is the homoscedasticity assumption of the conditional

distribution X | Y , which is violated in certain scenarios. It is
known that the QDA model addresses this by assuming het-

eroscedastic variance. Therefore, a promising avenue for fu-

ture research is to extend our proposal to a heteroscedastic

model. 
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