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1.2 Markov-Chain Monte-Carlo (MCMC)
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2.1 Metropolis-Hasting .7
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# The pdf of Rayleigh distribution
f <- function(x, sigma) {
if (any(x < 0)) return (0)

stopifnot(sigma > 0)
return((x / sigma™2) * exp(-x"2 / (2*sigma”2)))



m <- 10000

sigma <- 4

x <- numeric(m)

x[1] <- rchisq(1l, df=1)

# The counter of the occurrence of fatlure.
k<=0

u <- runif (m)



for (i in 2:m) {
xt <- x[i-1]
y <- rchisq(1l, df = xt)
num <- f(y, sigma) * dchisq(xt, df = y)
den <- f(xt, sigma) * dchisq(y, df = xt)
if (u[i] <= num/den) x[i] <- y
else {

x[i] <- xt
k <- k+1 #y is rejected
b
3
print (k)

## [1] 3985



o Pkl RIS R IR FEABLIE

index <- c(1:100, 500:600)
trace_data <- data.frame(
iteration = index, value = x[index],
period = factor(c(rep("First 100", 100),
rep("Iterations 500-600", 101)),
levels = c("First 100",
"Iterations 500-600")))
ggplot (trace_data, aes(iteration, value)) +
geom_line(linewidth = 0.3) +
facet_wrap(~period, nrow = 1, scales = "free_x") +
labs(x = "Iteration", y = "X") +
theme_bw ()
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° QQ-plot

b <- 2001 #discard the burnin sample
y <= x[b:m]
a <- ppoints(100) # cut points
#quantiles of Rayleigh
QR <- sigma * sqrt(-2 * log(l - a))
Q <- quantile(y, a)
qq_data <- data.frame(
rayleigh = QR, sample = as.numeric(Q))
ggplot(qq_data, aes(x = rayleigh, y = sample)) +
geom_point () +
labs(x = "Rayleigh Quantiles",
y = "Sample Quantiles") +
theme_bw ()
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o B
data <- data.frame(x = y)
data_curve <- data.frame(x = QR, y = £(QR, sigma))
ggplot(data, aes(x = x))+
geom_histogram(aes(y=after_stat(density)),
color="darkblue", fill="lightblue",
bins = 40)+
geom_line(data = data_curve, aes(x = x, y = y),
color = "red", linetype = "dashed") +
labs(x = "", y = "")+
theme_bw ()
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2.2 Metropolis &k
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Metropolis-Hasting %1%
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g(xly) =gy | x). MFEZHEN

a(z,,y) = min {1, ]f((ft))} )

o Metropolis &% /2 Metropolis-Hasting 502 1 — R




2.2 Metropolis & BHALIGEE Metropolis &}

o ANEFIRFREEW AT g(- | ) 215 ZAH Y Metropolis 4
%o
o [l & Metropolis &% /& Metropolis B —MERE, (B
woly | z,) &z, Fly ZIABEER R %, R
9(9 | xt) = h(|xt —y|).

OQA/THEXt—xt figise Ay %Yﬂﬁﬁfﬁg(y|$t) RE S EE
Z=Y -z, HERTHy=2,+2 (HEALLAHLD), A

fzix, (21 @) = g(z, + 2 [ 2,) = h(]2]).

AR 7y, HRT XS
o R ERFRBREEANT T MXIFR A q(2) = h([2]) ALK Z,
H4
Y=2+72.
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rw.Metropolis <- function(unu, sigma, x0, N){
x <- numeric(N)

x[1] <- x0
u <- runif(N)
k <- 0

for (i in 2:N) {
y <- rnorm(1l, x[i-1], sigma)
if (uli] <= (dt(y, nuw) / dt(x[i-1], nu))) x[i]

-y

else {
x[1] <- x[i-1]
k<-k +1

}

}
return(list(x=x, k=k))
}



# degrees of freedom for target Student t
# dist.

nu <- 4

N <- 2000

sigma <- c(.05, .5, 2, 16)

x0 <- 25

rwl <- rw.Metropolis(nu, sigmal[1], x0, N)
rw2 <- rw.Metropolis(nu, sigma[2], x0, N)
rw3 <- rw.Metropolis(nu, sigmal[3], x0, N)
rwd <- rw.Metropolis(nu, sigmal[4], x0, N)
print (c(rwl$k, rw2$k, rw3sk, rwidsk)/N)

## [1] 0.0040 0.1295 0.4480 0.8980



rw <- cbind(rwi$x, rw2$x, rwddx, rwid$x)

# 5 =1
j <1
data <- data.frame(x = seq_along(rw[,jl), y = rwl[,jl)
g <- ggplot(data, aes(x = x, y = y))+
geom_line()+
labs(x = sprintf("sigma = %s",sigmal[jl), y = "")+
ylim(range (rw[,jl))+
theme_bw ()
print(g)



# 45 =2,34
for (j in 2:4) {

data <- data.frame(x = seq_along(rw[,jl), y =

rwl,jl)

g <- ggplot(data, aes(x
geom_line()+
geom_hline(yintercept
df=nu))+
labs(x = sprintf("sigma = %s",sigmaljl), y = "")+
ylim(range(rw[,j]1))+
theme_bw()

print(g)

}

X, y = y+

qt(c(.025, .975),



28+

27+

26 -

25+

o+

500

1000
sigma = 0.05

1500

2000




204

104

T

o+

500 1000 1500 2000
sigma =0.5




204

104

T

o+

500 1000 1500 2000
sigma =0.5




204

10

At o

-104

500 1000
sigma =16

1500

2000




a <- c(.05, seq(.1, .9, .1), .95)

Q <- gqt(a, nu)

rw <- cbind(rwi$x, rw2$x, rwddx, rwiéx)

burn <- 500

mc <- rw[(burn+1):N, ]

Qrw <- apply(mc, 2, function(x) quantile(x, a))
colnames (Qrw) <- c("rwi", "rw2", "rw3d", "rw4")
print (round(cbind(Q, Qrw), 3))



##
##
##
##
##
##
#it
##
#Hit
##
##
##
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° Metropolis ik #eZ 2N
O‘(ﬁhy)
:min{l f(y | Ly ,.1’5) }
’ f(ﬁt ‘ Lyyeee 7:135)
. L—y\™ (1=2y\" (y ™"
= min {1, (1_—/8) (1 — 25t> (6—) I(o,o.5)<y)}
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set.seed(3)

beta
m <-
burn
days
x <-

i <-

<- .2
5000

<- 1000
<- 250
numeric (m)

sample(1:5, size=days, replace=TRUE,
prob=c(1, 1l-beta, 1-2%beta, 2*beta,
beta)/3)

win <- tabulate(i)
print (win)

## [1] 90 65 49 39 7



o BEWME 1 A A
set.seed(3)
prob <- function(y, x, win) {
if (y <0 |l y >= 0.5) 0
else ((1-y)/(1-x)) win[2] =*
((1-2%y) /(1-2%x)) "win[3] =
(y/x)~(win[4] + win[5])



u <- runif(m) #for accept/reject step
v <- runif(m, O, 0.5) #proposal distribution
x[1] <- .25
k<-0
for (i in 2:m) {
y <- v[i]
if (ul[i] <= prob(y, x[i-1], win)) x[i] <- ¥y
else {
x[i] <- x[i-1]
k <-k +1
}
}
k/m

## [1] 0.8582
T



data <- data.frame(x =

g <- ggplot(data, aes(x
geom_line()+
geom_vline(xintercept
geom_hline(yintercept

labs(x = nw y = ey 4
ylim(range(x))+
theme_bw ()

print(g)

seq_along(x), y =

X, y=y))+

burn, linetype
beta, linetype

= "dashed")+
"dashed")+
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log_beta_posterior <- function(b) {
win[2] * loglp(-b) + win[3] * logip(-2 * b) +
(win[4] + win[5]) * log(b)
}
# Rescale to avoid underflow; density unchanged.
peak_beta <- optimize(log_beta_posterior,

c(0, 0.5), maximum=TRUE)$objective
beta_kernel <- function(b) exp(log_beta_posterior(b) - peak_beta)
beta_norm <- integrate(beta_kernel, 0, 0.5,

rel.tol=1e-10) $value
f_beta <- function(b) beta_kernel(b) / beta_norm
stopifnot(abs(integrate(f_beta, 0, 0.5)$value - 1) < 1le-8)



xb <- x[-(1:burn)]
data <- data.frame(x = xb)
z <- seq(0, 0.5, length.out=501)
data_curve <- data.frame(x = z, y = f_beta(z))
ggplot(data, aes(x = x))+
geom_histogram(aes(y=after_stat(density)),
color="darkblue", fill="lightblue",
bins = 40)+
geom_line(data = data_curve, aes(x = x, y = y),
color = "red", linetype = "dashed") +
labs(x = "", y = "")+
theme_bw ()
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print (mean(xb))

## [1] 0.1961795

print(sd(xb))

## [1] 0.02389386



o HEUWIMI 20 BILIBENLIE

w <- .25
u <- runif(m) #for accept/reject step
v <- runif(m, -w, w) #proposal distribution
x[1] <- .25
k <-0
for (i in 2:m) {
y <= x[i-1] + v[i]
if (u[i] <= prob(y, x[i-1], win)) x[i] <- y
else {
x[1] <- x[i-1]
k<-k +1
}
}
k/m

## [1] 0.8528

© FEAFHER , T LA N ST BEHL T (B w) SRR
%



data <- data.frame(x =

g <- ggplot(data, aes(x
geom_line()+
geom_vline(xintercept
geom_hline(yintercept

labs(x = nw y = ey 4
ylim(range(x))+
theme_bw ()

print(g)

seq_along(x), y =

X, y=y))+

burn, linetype
beta, linetype

= "dashed")+
"dashed")+
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xb <- x[- (1:burn)]
data <- data.frame(x = xb)
z <- seq(0, 0.5, length.out=501)
data_curve <- data.frame(x = z, y = f_beta(z))
ggplot(data, aes(x = x))+
geom_histogram(aes(y=after_stat(density)),
color="darkblue", fill="lightblue",
bins = 40)+
geom_line(data = data_curve, aes(x = x, y = y),
color = "red", linetype = "dashed") +
labs(x = "", y = "")+
theme_bw ()
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w <- .05
u <- runif(m) #for accept/reject step
v <- runif(m, -w, w) #proposal distribution
x[1] <- .25
k<=0
for (i in 2:m) {
y <= x[i-1] + v[i]
if (u[i] <= prob(y, x[i-1], win)) x[i] <~y
else {
x[i] <- x[i-1]
k<-k+1
}
}
k/m

## [1] 0.3978



data <- data.frame(x =

g <- ggplot(data, aes(x
geom_line()+
geom_vline(xintercept
geom_hline(yintercept

labs(x = nw y = ey 4
ylim(range(x))+
theme_bw ()

print(g)

seq_along(x), y =

X, y=y))+

burn, linetype
beta, linetype

= "dashed")+
"dashed")+
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xb <- x[- (1:burn)]
data <- data.frame(x = xb)
z <- seq(0, 0.5, length.out=501)
data_curve <- data.frame(x = z, y = f_beta(z))
ggplot(data, aes(x = x))+
geom_histogram(aes(y=after_stat(density)),
color="darkblue", fill="lightblue",
bins = 40)+
geom_line(data = data_curve, aes(x = x, y = y),
color = "red", linetype = "dashed") +
labs(x = "", y = "")+
theme_bw ()
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print (mean(xb))

## [1] 0.1931318

print(sd(xb))

## [1] 0.02300047



o WM 3: I AE
u <- runif(m) #for accept/reject step
sigma <- 0.03
v <- rnorm(m, O, sigma) #proposal distribution
x[1] <- .25
k<=0
for (i in 2:m) {
y <= x[i-1] + v[i]
if (u[i] <= prob(y, x[i-11, win)) x[i] <- y
else {
x[i] <- x[i-1]
k <-k +1
}

}
k/m

## [1] 0.3708



data <- data.frame(x =

g <- ggplot(data, aes(x
geom_line()+
geom_vline(xintercept
geom_hline(yintercept

labs(x = nw y = ey 4
ylim(range(x))+
theme_bw ()

print(g)

seq_along(x), y =

X, y=y))+

burn, linetype
beta, linetype

= "dashed")+
"dashed")+
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xb <- x[- (1:burn)]
data <- data.frame(x = xb)
z <- seq(0, 0.5, length.out=501)
data_curve <- data.frame(x = z, y = f_beta(z))
ggplot(data, aes(x = x))+
geom_histogram(aes(y=after_stat(density)),
color="darkblue", fill="lightblue",
bins = 40)+
geom_line(data = data_curve, aes(x = x, y = y),
color = "red", linetype = "dashed") +
labs(x = "", y = "")+
theme_bw ()
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print (mean(xb))

## [1] 0.192901

print(sd(xb))

## [1] 0.02301409
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° Metropolis-Hasting 535 [ 75— M Bl A MEREA A il dr
X FRABRB L A A7 5 LR R — IR, B
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o BT YR R, B

f (y)g(xt)}
flzgly) )

a(z,,y) = min {1,



o MW g MIEARME fHER], SRR AR A A R
Bl o (HJEHE SRR, B

o i, EERSEN f = N(0,1):

o FEEWNMT g = N(0,1) = f, WEESZAEAEN 1, 15217
RS R RriER £ BN

© PN g = N(5,1), WS 5 WHE . s B4R56
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= min 1(5)9(0) =e P x 101
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#12.4
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° A& fi W1 fo 2 N(py,07) Bl N (pg, 035) FIEERRE TIFEA
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o HFR AN p B a5 93 A

fpl2,02,) <z, 2, | p)(D)
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o BRI, B p = 0.2,y = 0,1y = 5,00 = 0 = 1.
o BN Beta(1, 1)

set.seed(3)

m <- 5000 #length of chain

xt <- numeric(m)

a <- 1 #parameter of Beta(a,b) proposal dist.

b <- 1 #parameter of Beta(a,b) proposal dist.

p <- .2 #mizing parameter

n <- 30 #sample size

mu <- c(0, B5) #parameters of the mormal densities
sigma <- c(1, 1)

k <- 0 # the number of rejections.



# generate the observed sample

i <- sample(1:2, size=n, replace=TRUE, prob=c(p,
1-p))

x <= rnorm(n, mulil, sigmalil)

# generate the independence sampler chain
u <- runif(m)

y <- rbeta(m, a, b) #proposal distribution
xt[1] <- .5



for (i in 2:m) {

fy <- y[i] #* dnorm(x, mul[1], sigma[1]) +
(1-y[i]) * dnorm(x, mul[2], sigmal[2])

fx <- xt[i-1] * dnorm(x, mul[l], sigma[1]) +
(1-xt[i-1]) * dnorm(x, mu[2], sigma[2])

r <- prod(fy / fx) *
(xtl[i-11"(a-1) * (1-xt[i-11)"(b-1)) /
(y[il~(a-1) * (1-y[i])~(b-1))

if (uli] <= r) xt[i] <- y[i]

else {
xt[i] <- xt[i-1]
k <-k +1
}
}
k/m

## [1] 0.7882



data <- data.frame(x = seq_along(xt), y = xt)
g <- ggplot(data, aes(x = x, y = y))+
geom_line()+
labs(x = "", y = "")+
theme_bw ()
print(g)
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f1 <- dnorm(x, mu[1], sigmal[1])
f2 <- dnorm(x, mu[2], sigmal[2])
logpost <- function(p) {
sum(log(p * f1 + (1 - p) * £2))
}
peak <- optimize(logpost, c(0, 1), maximum=TRUE)$objective
kernel <- function(p) {
sapply(p, function(v) exp(logpost(v) - peak))
}
normalizer <- integrate(kernel, 0, 1, rel.tol=1e-10)$value
p_grid <- seq(0, 1, length.out=1001)
posterior <- data.frame(
p = p_grid, density = kernel(p_grid) / normalizer)
stopifnot(abs(integrate(function(p) kernel(p) / normalizer,
0, 1)$value - 1) < 1le-7)



xb <- xt[101:m]
data <- data.frame(x = xb)
ggplot(data, aes(x = x))+
geom_histogram(aes(y=after_stat(density)),
color="darkblue", fill="lightblue",
bins = 40)+
geom_line(data = posterior,
aes(x = p, y = density),
color = "red", linetype = "dashed",
linewidth = 0.7) +
labs(x = "", y = "")+
theme_bw ()






o RS N Beta(5, 2)

m <- 5000 #length of chain

xt <- numeric(m)

a <- 5 #parameter of Beta(a,b) proposal dist.

b <- 2 #parameter of Beta(a,b) proposal dist.

p <- .2 #mizing parameter

n <- 30 #sample size

mu <- c(0, 5) #parameters of the normal densities
sigma <- c(1, 1)

k <- 0 # the number of rejections.



# generate the observed sample

i <- sample(1:2, size=n, replace=TRUE, prob=c(p,
1-p))

x <= rnorm(n, mulil, sigmalil)

# generate the independence sampler chain
u <- runif(m)

y <- rbeta(m, a, b) #proposal distribution
xt[1] <- .5



for (i in 2:m) {

fy <- y[i] #* dnorm(x, mul[1], sigma[1]) +
(1-y[i]) * dnorm(x, mul[2], sigmal[2])

fx <- xt[i-1] * dnorm(x, mul[l], sigma[1]) +
(1-xt[i-1]) * dnorm(x, mu[2], sigma[2])

r <- prod(fy / fx) *
(xtl[i-11"(a-1) * (1-xt[i-11)"(b-1)) /
(y[il~(a-1) * (1-y[i])~(b-1))

if (uli] <= r) xt[i] <- y[i]

else {
xt[i] <- xt[i-1]
k <-k +1
}
}
k/m

## [1] 0.9876



data <- data.frame(x = seq_along(xt), y = xt)
g <- ggplot(data, aes(x = x, y = y))+
geom_line()+
labs(x = "", y = "")+
theme_bw ()
print(g)
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f1 <- dnorm(x, mu[1], sigmal[1])
f2 <- dnorm(x, mu[2], sigmal[2])
logpost <- function(p) {
sum(log(p * f1 + (1 - p) * £2))
}
peak <- optimize(logpost, c(0, 1), maximum=TRUE)$objective
kernel <- function(p) {
sapply(p, function(v) exp(logpost(v) - peak))
}
normalizer <- integrate(kernel, 0, 1, rel.tol=1e-10)$value
p_grid <- seq(0, 1, length.out=1001)
posterior <- data.frame(
p = p_grid, density = kernel(p_grid) / normalizer)
stopifnot(abs(integrate(function(p) kernel(p) / normalizer,
0, 1)$value - 1) < 1le-7)



xb <- xt[101:m]
data <- data.frame(x = xb)
ggplot(data, aes(x = x))+
geom_histogram(aes(y=after_stat(density)),
color="darkblue", fill="lightblue",
bins = 40)+
geom_line(data = posterior,
aes(x = p, y = density),
color = "red", linetype = "dashed",
linewidth = 0.7) +
labs(x = "", y = "")+
theme_bw ()
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#initialize constants and parameters
m <- 5000 #length of chain

burn <- 1000 #burn-in length

# the chain, a bivariate sample

X <- matrix(0, m, 2)

rho <- -.75 #correlation
mul <- 0O

mu2 <- 2

sigmal <- 1

sigma2 <- .5

sl <- sqrt(1-rho~2)*sigmal
s2 <- sqrt(1-rho~2)*sigma2



###### generate the chain #####
X[1, 1 <- c(mul, mu2) #initialize

for (i in 2:m) {
x2 <- X[i-1, 2]
ml <- mul + rho * (x2 - mu2) * sigmal/sigma2
X[i, 1] <- rnorm(1, mil, s1)
x1 <- X[i, 1]
m2 <- mu2 + rho * (x1 - mul) * sigma2/sigmal
X[i, 2] <- rnorm(1l, m2, s2)

b <- burn + 1
x <- X[b:m, ]



# compare sample statistics to parameters
colMeans (x)

## [1] -0.06791174 2.02962101

cov(x)

##t [,1] [,2]

## [1,] 1.0330993 -0.3872264
## [2,] -0.3872264 0.2597620

cor(x)
i [,1] [,2]

## [1,] 1.0000000 -0.7474913
## [2,] -0.7474913 1.0000000



data <- data.frame(x = x[,1], y = x[,2])
g <- ggplot(data, aes(x = x, y = y))+
geom_point (shape = 1)+
labs(x = "X1", y "X2")+
theme_bw ()
print(g)
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