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1 BEFLEX

o FEREHUSHA, dnf A4 sk IR — MR EER B . Hal
WG CPU FIRSS % SLbr LI RREF = A EIEREHLEL, T
Jere . TR MR R RTE, TR IR
ERSHERIESR T — NP5 Fl, AE—HFHE, B2k
HEFIRERN. BIRXFIABENESEASE L, (FZBENL
PP NRIS B AT F () 774 i R HIEGARME X

5.

o BELIEHYFHENIAL (True Random Number, TRN) 75 EL{7 i) il
HEAR AR R, B

o PAMEFE (RS B A PAR AT HEL )

o BETHINE (ETHTEBAMI. PSR TR
Bt

o JRGHEREAE



1 BEFLEX

o A[EEE (reproducibility): 4 TG EI Al EILAZER . LA
A7 YN el e NE LD Gl 1

o BEHLAAE SR :

L 2R R 259 o A AL
2. BURHTRGHHEZEMH BRI



1.1 FEALF T

set.seed(seed, kind = NULL): [EERENLT ) Fh—+
° seed: i 4i5. MI5 seed T il THFIHIEHURE T
AT LA EIAH E O 25 5
o kind: PFEMIEA ES (random number generator) 257,



Blr 1.1

round (runif (5), 4)

## [1] 0.9608 0.1305 0.9962 0.8367 0.6505
round (runif (5), 4)

## [1] 0.4960 0.6315 0.5352 0.3739 0.7973



set.seed(5)

runif (5)

## [1] 0.2002145 0.6852186 0.9168758 0.2843995 0.1046501
set.seed(5)

runif (5)

## [1] 0.2002145 0.6852186 0.9168758 0.2843995 0.1046501



1.2 FEALRER

sample(x, size, replace = FALSE, prob = NULL): J\—>
A BREEA IO B ] e BE ALk H

o x HLAMFEATREES R &, W] LUA— D IEREE (5
BN 1:x);

° size fREMAENEL, HIFEARZL

° replace fEiE & NAMEHEE, TRUE /&7 20 =1 44,
FALSE /& 3% = 34 A%

° prob F5E IS FIACEEL, BIAEEE,



By 1.2

o GhtE AL (Bernoulli distribution)
sample(0:1, size = 10, replace = TRUE)

## [11 0001000011
o JCIRIRI SRR A -

set.seed(5)
sample(1:100, size = 6, replace = FALSE)

## [1] 66 57 79 75 41 85



B

. WA R sample PRAIYIE 215404 ? replace = TRUE i

/& replace = FALSE? fill, “FELI A Ak 1 10 1K
Je 25 T HE BRI

. REAFIAH sample sR#HIE — T HSI Y B2



1.3 ey 2Bl R BEHL AR R

° runif (n) 74 n FRIERI S ATBERLEG

X <- runif(5)
sprintf ("%.2f", x)

## [1] "0.96" "0.11" "0.27" "0.49" "0.32"
o rnorm(n) ;74 n PMREIES AT BENLEL

x <- rnorm(5)
sprintf ("%.2f", x)

## [1] "0.15" "-0.83" "1.22" "1.00" "0.58"



1.4 HABA M &

o p: probability, Z3}7fEREL
o q: quantile, 43\ %k
o d: density, M5 REL
o r: random, FENLEL



Distribution CDF Parameters

EAD T pnorm mean, sd

t 5340 pt df

Y& A punif min, max

i pbinom  size, prob

RIT A pchisq  df

=zl pexp rate

NEL /Xl ppois lambda

F 34 pf df1, df2

IMFL AT pgamma  shape, rate or shape
JUR AT pgeom prob

XEOEZA A plnorm  meanlog, sdlog
T A pnbinom size, prob




Bl 1.5: 38 H b B R AX

x <- seq(0, 8, .05)
data <- data.frame(x = x,
ggplot(data, aes(x = x, y
labs(x = "", y = "",
title = "Exponential distribution")+
theme_bw()+
theme(plot.title = element_text(size = 8, hjust = 0.5),
axis.text = element_text(size = 8),
axis.title = element_text(size = 8))

y = dexp(x))
= y)) + geom_line()+
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Bl 1.6: 35E A I 70 A PR AL

x <- seq(0, 8, .05)
data <- data.frame(x = x,
ggplot(data, aes(x = x, y
labs(x = "", y = "",
title = "Exponential distribution")+
theme_bw() +
theme(plot.title = element_text(size = 8, hjust = 0.5),
axis.text = element_text(size = 8),
axis.title = element_text(size = 8))

y = pexp(x))
= y)) + geom_line()+
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Bl 1.7: 58 A BEALER

x <- rexp(1000, 0.5)
data <- data.frame(x = x)

BE S AT B R AN IR FEALEL 49 5 B ds B A e



Bl7 1.8 KEUERE

o Normal distribution

N <- 27¢c(1:20)

y <- sapply(N, function(n){
x <- rnorm(n, 0, 1)
mean (x)

b
B TR for AR KR EE?



data <- data.frame(N = N, mean = y)
ggplot(data, aes(x = log(N), y = mean))+
geom_point ()+
geom_line()+
geom_abline(intercept = 0, slope = O,
color = '#FF6666')+

labs(y="")+

theme_bw()+

theme (plot.title = element_text(size = 8, hjust = 0.5),
axis.text = element_text(size = 8),
axis.title = element_text(size = 8))



0.3+

0.2

0.1+

0.0 1

-0.1+

-0.2 4

-0.3

log(N)

10




o Student’s ¢-distribution with degree of freedom = 2.
N <- 27c(1:20)
y <- sapply(N, function(n){

x <- rt(n, df = 2)

mean (x)

i)

data <- data.frame(N = N, mean = y)



ggplot(data, aes(x = log(N), y = mean))+

geom_point ()+

geom_line()+

geom_abline(intercept = 0, slope = 0,

color = '#FF6666')+

labs(y="")+

theme_bw()+

theme (plot.title = element_text(size = 8, hjust = 0.5),
axis.text = element_text(size = 8),
axis.title = element_text(size = 8))



0.6
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log(N)



° Student’s t-distribution with degree of freedom = 1.
BE Lt AW EA 1 8RR RN KB RS ?
N <- 27¢(1:20)

y <- sapply(N, function(n){

x <- rt(n, df = 1)

mean (x)

b

data <- data.frame(N = N, mean = y)



ggplot(data, aes(x = log(N), y = mean))+

geom_point ()+

geom_line()+

geom_abline(intercept = 0, slope = 0,

color = '#FF6666')+

labs(y="")+

theme_bw()+

theme (plot.title = element_text(size = 8, hjust = 0.5),
axis.text = element_text(size = 8),
axis.title = element_text(size = 8))



IIIIII




Bl 1.9: HuO R e

G Qe AT IR £ A b P S AR R E 2R 2

iter <- 1000
N <- c(1, 10, 100)

data <- lapply(N, function(n){
x <- replicate(iter, mean(runif(n)))

stat <- (x-0.5)*sqrt(n)
b



# An example with n = 1.
data_x <- data.frame(x = datal[[1]])
ggplot(data_x, aes(x = x))+
geom_histogram(aes(y=after_stat(density)),
color="darkblue", fill="lightblue",
bins = 40)+
scale_x_continuous(limits = c(-2, 2))+
geom_density(alpha=.2, fill="#FF6666")+
labs(x = "", y = "", title = "n = 1")+
theme_bw()+
theme(plot.title = element_text(size = 8, hjust = 0.5),
axis.text = element_text(size = 8),
axis.title = element_text(size = 8))
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° Student’s t-distribution with degree of freedom = 3.

iter <- 1000
N <- c(1, 10, 100)

data2 <- lapply(N, function(n){
X <- replicate(iter, mean(rt(n, 3)))
stat <- x*sqrt(n)

i)



# An example with n = 1.
data_x <- data.frame(x = data2[[1]])
ggplot(data_x, aes(x = x))+
geom_histogram(aes(y=after_stat(density)),
color="darkblue", fill="lightblue",

bins = 40)+
geom_density(alpha=.2, fill="#FF6666")+
labs(x = "", y = "", title = "n = 1")+

theme_bw()+

theme (plot.title = element_text(size = 8, hjust = 0.5),
axis.text = element_text(size = 8),
axis.title = element_text(size = 8))
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2.1 BESFUFEN AR B YT A ik

Theorem 1 (HERFA A H). X 2— &L pyEr A &, H

AR AR Fy (), U‘Jﬁdl]ﬁU - F(X) ~ ( e

Proof: For x € [0, 1], we have

P(F(X) <) = P(X < F\(x)
— (FeFY)(a) =

Hence, the random variables F'(X) ~ Unif{0, 1].

L]
FIEE, FRATATLAER] F'(U) ~ X fiitt, 3ATAT LUER Fy (9
WAGAY &) A A R LA X



Algorithm 1

L SRHBEHAS X B9 SR BRI P
2. BRI RHER S AT BB i U s
3. MHEMUTAES F'(U) BIRE] F'(U) ~ X



Blr- 2.1

B B D EERECN fx(2) = 32? (0 <z <1) [REYLEE
Ao

Fy(z)=23, 0<x<1,

Fx'(u) = u'l?



u <- runif (1000)
x <- u (1/3)
data_x <- data.frame(x = x)
ggplot(data_x, aes(x = x)) +
geom_histogram(aes(y = after_stat(density)), bins = 20,
color = "darkblue", fill = "lightblue") +
stat_function(fun = function(x) 3 * x72,
color = "#FF6666", linewidth = 1) +
labs(x = "", y = "",
title = expression(f(x) == 3 * x72)) +
theme_bw() +
theme(plot.title = element_text(size = 8, hjust = 0.5),
axis.text = element_text(size = 8),
axis.title = element_text(size = 8))



f(x) =3x?

34 /
2 -
1
O-
T T T T
0.25 0.50 0.75 1.00




2.2 B AR AR Rk

© X BRI, REHE 7, < <o,

PX=uz,)=p;, i=1..,n.
AR 5E SLER T4 A R T

Fx'(u) = {z; « Fx(z;y) <u < Fy(z;)}
=min{z; : Fx(z;) >u}, 0<u<l

B 1 G X R R R R
BE 20 WTIAE Fet(U) IR X 23452

. H



By 2.2: JUAIo AT

Question: JUAa] 53 A17 BB o Bt BRI AR 20 A PR B350 O

f@)y=¢*p Fx(@x)=1-—¢"t2=0,1,2,..

Hrtg=1—p. KiZJUTHMI Fx'(u).

9



By 2.2: JUAIo AT

Question: JUAa] 53 A17 BB o Bt BRI AR 20 A PR B350 O

f(:l:):qmp FX($>:]‘_qx+17$:0’ 1727"’7

Hrp g =1—po SRZJLAHN Fx'(u).
Solution: R LISRAFH A A

mg1-@}_L

b [] Jor BROE, BVIUR/NT ¢ H9f NS



EERANE

n <- 1000

p <- 0.25

u <- runif(n)

x <- ceiling(log(1-u)/log(1-p)) -1
tab <- table(x)



options(width = 40)

## LB AR B A B R R R

round(rbind(tab/n, dgeom(as.numeric(names(tab)),
prob = p)), 3)

#it 0 1 2 3 4
## [1,] 0.246 0.199 0.163 0.100 0.080
## [2,] 0.250 0.188 0.141 0.105 0.079
#i# 5 6 7 8 9
## [1,] 0.063 0.037 0.032 0.017 0.013
## [2,] 0.059 0.044 0.033 0.025 0.019
#i# 10 11 12 13 14
## [1,] 0.010 0.013 0.007 0.007 0.002
## [2,] 0.014 0.011 0.008 0.006 0.004
## 15 17 18 21

## [1,] 0.004 0.005 0.001 0.001

## [2,] 0.003 0.002 0.001 0.001



geom22 <- data.frame(x = O:max(x),
F = pgeom(0:max(x), prob = p))
p22 <- ggplot(data.frame(x = x), aes(x = x)) +
stat_ecdf (aes(color = "Empirical CDF"),
geom = "step", linewidth = 0.8) +
geom_step(data = geom22,
aes(x = x, y = F, color = "Theoretical CDF"),
linewidth = 0.8) +

scale_color_manual(values = c("Empirical CDF" = "darkblue",
"Theoretical CDF" = "#FF6666"))
labs(x = "", y = "", title = "Geometric distribution",
color = "") +
theme_bw() +
theme (

plot.title = element_text(size = 8, hjust = 0.5),
axis.text = element_text(size = 8),

axis.title = element_text(size = 8),
legend.position = "top"

)



=—— Empirical CDF —— Theoretical CDF

Geometric distribution
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Blr2.3: JEMAD A

Question: T Poisson 7)1 ,

A=A

I ERZIERA Y Fx' (u)?

k=0,1,...,



Blr2.3: JEMAD A

Question: %fT Poisson 7341 ,

Aee—A

k'

P(X=k) = k=0,1,..,

AT T SZIAAA AT Fx (u)?

Solution: W] LRI FLEHER RIFE F(k), E=0,1,2,....
o Lpp=PX =k Wpy=e?pps= WAlPkO
© F(k+1) = F(k) 4+ ppyy = F(k) + 210k

o MEREN w, IREH NS F(k) 2wy k, J
Fil(u) = min{k : F(k) > u}.



BIACAD
n <- 500; lambda <- 1
x <- rep(NA_integer_, n)
for (i in 1:mn){
# WM k=0, p N p_0, f H F(0)
k <- 0; p <- exp(-lambda); f <- p
# kK U ~ Unif(0, 1)
u <- runif(1)
repeat{
#F U<=Fk), S50 6 BN RHRLE
if(u <= f) break
# SNUAFS&HEXNEH p_(k+1) 1 F(k+1)
p <- 1ambda/(k+1)*p, f <- £ + p;
# HENT —MrREHE
k<-k +1
}
x[i] <- k



tab <- table(x)

round (rbind(tab/n, dpois(as.numeric(names(tab)),
lambda)), 3)

## 0 1 2 3 4 5
## [1,] 0.344 0.380 0.188 0.066 0.014 0.008
## [2,] 0.368 0.368 0.184 0.061 0.015 0.003






3.1 Bz 4E 403 (Acceptance-rejection method)

o WRATERELF () MELAKIE, Anfr e

o AR B TRERE B A g(y) RIRENLAS I EEBAF 2, 3K
I AT LMEBD g(y) = MR R BN f () HIBENLAE &
X



R :

BOXBENA R X MY RO EERECN f g, FFAAAEREL o i1

f(z)
cg(r)

<1, Vzed{t:f(t)>O0}

L ZER—R BT Unif(0, 1) BN R U

20 AN T U BERLAR Y, S AR M 3R 555 1 pR 4
M9y

3R U < L85 W4 X =Y, FIEEA Y SRR 2 4.
Think: ¢ A] LI/NT 1 iG?



B MR ]

o FikAF ey E T HW MM AR Y ~ g
MU ~ Unif(0,1). & 751

(Y) }
A=U .
{ = oY)
o kT X 9 ELA: BEHESFEM A LAEHY,

I X oA Y RS A TR0, B
X~ L(Y | A




B

1. X {{) CDF

PX<z)=PY<z|A)=——"—

2. —J7H,

4. A, P(X < z) = Fla).



ERAEBEIRAIE R

Question: 10T € {1,2, ...} AREZ—IRFFERRRICIRE . 15 HI1%:

L T AT A5
2. FAHES DU R



ERAEBEIRAIE R

Question: it T € {1,2, ...} FEZ— IR T EIR KR EL

L T e ft Az
2. PHRFELZ DRSS R R IR

Solution: FEGRE I EEZ MR P(A) = 1/c, [Hilk
T ~ Geom(1/c), E(T) =c.

Wb s, FHTHEREL c IRARERER k. N THE
U/ co

1A

b3 E A



R Y RIS

R—RAIAT . AR BRI A -
o Y A G A, BNk A RTE S 2R LA
° g Y support set 5 f —, HERBILIRSRELL f;
o JXFERAT LA/ €0 BEARERSE— IR AS Bl e B P24 10 A



By 3.1

P A LA T B R
flx) =6023(1 —2)2,0< 2 < 1.

o f(x) 7£ v = 0.6 LHFHAME £(0.6) = 2.074.

o & g(y) N U0, 1) S ATHVE L BIY NS5
U(0,1) 74

o & c=2.074, M f(z)/(cg(x)) < 1.

o MEJ5I AT U(0,1) 738 bt U, Jnl

U < 200 = 60y3 (1 —y)2/2.074, 8%, HHX =Y. &

Wy, g,



EERANE

n <- 1000 # FEWHEARK
k <- 0 # R LB REZHRE
j <=0 # ALLEFEREFEANHENEEE

X <- numeric(n)
while(k < n){
u <- runif (1)
j<=3j+1
y <- runif(1)
if(u < 60*y~3*(1-y)~2/2.074){
# EX
k<-k +1
x[k] <-y
}
}
print(sprintf("%d %d %.3f %.3f", k, j, k/j, 1/2.074))

## [1] "1000 2149 0.465 0.482"



p31 <- ggplot(data.frame(x = x), aes(x = x)) +

geom_histogram(
aes(y = after_stat(density)), bins = 20,

color = "darkblue", fill = "lightblue") +
geom_density(color = "darkblue", linewidth = 0.8) +
stat_function(fun = function(x) 60 * x~3 * (1 - x)72,

color = "#FF6666", linewidth = 1) +
labs(x = "", y = "",
title = expression(f(x) == 60 * x73 * (1 - x)72)) +

theme_bw() +
theme (

plot.title = element_text(size = 8, hjust = 0.5),

axis.text = element_text(size = 8),

axis.title = element_text(size = 8)



f(x) = 60x*(1 - x)?

2.54

2.0

154

1.0 1

0.54

rﬂ\

AN

0.04




7 3.2
FUERE D(3/2, 1) S ATHIREA, BN
581/267:2

f($> = F(3/2> ’

o R HUB IR AR S SR AT . FeA 155 R LG
ERRY . BT D(3/2,1) BIIEER 32, FRAOUBIR Y I8

Yo > 0.

BRECH )
9(y) = ge%y
o fRIEATH AT A
fl@) . _3V3
(@) <c= Nor ~ 1.257.

° MWHE)50A Unif(0,1) 728 5L U, 2R
U< L0 = \/2e/3y'2e7vB, 3%, 34 X =Y. I,

GERC




EERANE

n <- 1000 # FEWHEARK
k <- 0 # R LB REZHRE
j <=0 # ALLEFEREFEANHENEEE

X <- numeric(n)
while(k < n){
u <- runif (1)
j<=3j+1
y <- rexp(1l, 2/3)
if(u < sqrt(2*exp(1)/3) * sqrt(y) * exp(-y/3)){
# EX
k <-k +1
x[k] <-y
}
}
print(sprintf("%d %d %.3f %.3f", k, j, k/j, 1/1.257))

## [1] "1000 1263 0.792 0.796"



p32 <- ggplot(data.frame(x = x), aes(x = x)) +
geom_histogram(
aes(y = after_stat(density)), bins = 30,
color = "darkblue", fill = "lightblue") +
geom_density(color = "darkblue", linewidth = 0.8) +
stat_function(fun = dgamma,
args = list(shape = 3/2, rate = 1),
color = "#FF6666", linewidth = 1) +
coord_cartesian(xlim = c(0, 10)) +
labs(x = "", y = "", title = expression(Gamma(3/2, 1))) +
theme_bw() +
theme (
plot.title = element_text(size = 8, hjust = 0.5),
axis.text = element_text(size = 8),
axis.title = element_text(size = 8)



r(3/2,1)
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RS,

WAL T
o frE HERERSIHA (BRBUERME Fx'. BikER:, WA
TRA A
o Bk TEIJORIMIFIIA CDF jU: e v, R
WA REIRAE, BERY R REAU A o

AR A
°o Ak AT EORAR HARMITH) CDF 3%, REALEEFZ 52780
Aii o

o Bk SRR ARMEIRIEA, c BRRRORL: WEE
HESE g F co
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